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SIITOLTxiNIJOUS  UNIi"0:.MIZ.iTIOI\f 
Llpman  Bers 

We  shall  shovj  that  any  tvjo  Riemann  surfaces  satisfying  a 
certain  condition,  for  instance,  any  tx-io  closed  surl'aces  of  the 
same  genus  g  >  1,  can  be  uniformized  by  one  group  of  fractional 
linear  transformations  (Theorem  1).  This  leads,  in  conjunction 
with  previous  results  [2,3] ^  to  the  simultaneous  uniformization 
of  all  algebraic  curves  of  a  given  genus  (Theorems  S-lj.),  Theorem 
5  contains  an  application  to  infinitely  dimensional  Teichratiller 
spaces, 

1,  Let  3  be  an  abstract  Riemann  surface,  f  a  horaeomorphisra 
of  bounded  eccentricity  of  S  onto  another  such  surface  S  ,  and 
[f]  the  homotopy  class  of  f.   VJe  call  (3,[f],S  )  a  coupled  pair 
of  Riemann  surfaces,  an  even  ( odd )  pair  if  f  preserves  (reverses) 
orientation.   Two  coupled  pairs,  (S,[f],S  )  and  (S  ,  [fnl,  S-) 
are  called  equivalent  if  there  exist  conformal  home omor phi sms 
h  and  h'  with  h(S)  =  S^,  h'(S)  =  S^,  and  [h'fh"-*-]  =  [fnJ. 

Example,   Let  m  be  a  Beltrami  differential  on  the  Riemann 
surface  S  ,  i.e.  a  differential  of  type  (-1,1),  m  =  (^)d'5/d^, 
with||j,|,  <  const.  <  1.   By  S  we  denote  the  surface  S  with  the 
conformal  structure  redefined  by  means  of  the  local  metric 
|d^+lid"E|,   VJith  m  tliere  is  associated  the  even  pair  (3"^,[l],S), 
where  1  is  the  identity  mapping,  and  the  odd  pair  (S^'^,  [l],S  ) 
where  o  denotes  the  natural  mapping  of  3   onto  its  mirror  image 
S  ,   The  latter  is  defined  by  replacing  each  local  uniformization 


^  on  S^  by  ^. 


A  group  G  of  Mobius  transformations  will  be  called  quasi- 
Fuchsian  if  there  exists  an  oriented  Jordan  curve  Yq  (on  the 
Rlemann  sphere  P)  which  is  fixed  under  G,    and  if  G  is  fixed-point- 
free  and  properly  discontinuous  in  the  domains  I  ( Yr^ )  ^^"^-^  ^  (Yq) 
interior  and  exterior  to  Yq>  respectively.   If  Yq  is  a  circle, 
G  is  a  Fuchsian  group. 

A  quasi-Fuchisian  group  G  is  canonlcally  isomorphorphlc  to 
the  fundamental  groups  of  tlie  two  Rlemann  surfaces  S^  =  I(yq)/G 
and  Sp  =  E(Yp)/G,  modulo  inner  sutomorphisms.   If  the  resulting 
Isomorphisms  of  the  fundamental  groups  of  St  onto  those  of  Sp  can 
be  induced  by  an  orientation  reversing  homeoraorphism  f  of  bounded 
eccentricity,  G  is  called  proper.   In  this  case  [f ]  is  uniquely 
determined.   Thus  a  proper  quasi-Puchsian  group  represents  a 
coupled  pair  (S, ,[f],S2)» 

A  quasi-Puchsian  group  G  is  said  to  be  of  the  first  ( second) 
kind  if  the  fixed  points  of  elements  of  G  are  (arc  not)  dense  or 
Yp.   This  IS,  as  one  sees  at  once,  a  property  of  S-,  (or  of  Sp). 

2,   Theorem  1«   Let  S  be  a  Rienann  surface  x-jjth  hyperbolic 
universal  covering  surface  and  ( S, [f ] ,S' )  an  odd  coupled  pa ir . 
Then  this  pair  ( is  equivalent  to  one  which)  can  be_  represented  by 
_a  quasi-Fuchisian  p;roup  G,   Lf  G  i_s  of  tl.e  f :l r s t  k ind ,  then  every 
q ua s  1  -Fuchls an  pi:roup  G^  representing  an  equivalent  coupled  pair 
is  of  the  form  G  =  CGG~  vjhere  C  i^  a  HBbius  transformation* 

Proof,   One  sees  easily  that  any  odd  coupled  ^jair  is 

equivalent  to  one  of  the  form  (^.»  t'-'^jS  )j  we  assume  therefore 

that  the  given  pair  already  has  this  form.   If  3   is  not  the  sphere, 

the  plane,  the  punctured  plane  or  a  torus,  the  same  is  true  of 

S  ,   In  this  case  the  classical  unlf orraization  theorem  asserts 
o 


that   the    pair    (S    , [6],S    )    can  be   represented  by   a   Fuchsian   group 

G    :   we   raay  assume    that    Yp      is   the  real   axis.  There   exists   a 

o 
measurable   function   i-l(z),     |z|    <    oo,    such  that    [x  {z  )  =   0   for  Im  z   <  0 

and   [i{z)    d'z/dz   =  m  for   Im  z   >  0.    Then    \[j,\    <   const.    <1   and    ii(z)d'z/dz 

is    invariant  under   G   ,      It    is  !:nown    (cf.    for    instance,    [l]  )    that 

o 

there  exists  a  unique  solution  -^•' ^i  z)    of  the  Beltrami  equation 

.^/L/;3>"z  =  \i{  z){^;Sl/'>z   vjhich  has  generalized  Lp  derivatives  and  is 

a  homeomorphism  of  P  onto  itself,  uj.th  fixed  points  at  0,  1,  oo  . 

If  H  £  G  ,  then  Si.     a   satisfies  the  same  Beltrami  equation:  it 

o   o'         m  o  . 

follows  that  there  is  a  litJbius  transformation  a  ^'^- ''^^ -^^  A^  =  a/[^. 

One  verifies  easily  that  G  =  J~l    G  /l"   is  a  quasi-Fuchsian  group 

representing  (S™  [{,],    S^ ) ,   V/e  note  that  Yq  =  -^"^m^Y,-  )  has 

'^o 
two-dimensional  measure  zero, 

Assurae  next  that  G  is  of  t  le  first  kind  and  that  the  quasl- 

Puchslan  group  G-.  represents  an  equivalent  pair.   Then  there  exist 

conformal  mappings  ^   and  ^   vrith  (|)(I(y^^))  =  I(Yq  )} 

^(F(Yr.  )  =  ^iXr    )»  ^'^^''^   =  ^G*""^  =  Cr,,  and,  for  every  aeG, 


4'A4i~  =  B']/A\;f"  B~  ,  B  being  a  fixed  element  of  G.  ,   Since  ijf  may  be 

replaced  by  B^ ,   ue  lose  no  generality  in  assuming  that  B  =  1, 

The  functions  ]{z)    and  ^{z)    are  conformal  home omor phi sms  between 

Jordan  domains  and  hence  topological  on  Yp  •   Since  (Ja^^"  =  \yA);/'' 

o 

for  AeG,  we  have  that  4  =  \{/  at  the  fixed  points  of  A.   Therefore 

4  =  ^^  on  Yp   and  there  exists  a  homeomorphism  C  of  P  onto  itself 

o  -, 
such  that  CGC"^  =  G  ,  C(z)  =  4(z)  in  I  (  y^  )  and  C(z)  =  i!/(z) 

o 

E(Yp  ). 
o 


m 


Using  known  properties  ofjTL  (cfo[l])  and  a  standard 
reasoning  we  verify  that  C ,A^   has  Lp  derivatives  everywhere;  so, 
therefore,  does  C.   Since  ?)   0/^*2  =  0  a.e.,  C  is  conformal  and  hence 
a  Mlibius  transformation. 

3.   Consider  novj  a  fixed  closed  Riemann  surface  S   of  genus 

g  >  1.   The  equivalence  classes  of  even  coupled  pairs  (S,  [f],  G  ) 

are  the  points  of  the  Teichmiiller  space  T  ,   It  is  knovm  that  T„ 
^  g  g 

has  a  natural  cornplex-aiialytlc  structure  and  can  be  represented 
as  a  bounded  doraain  in  the  number  space  C-^^  -^;  also  T   is  homeo- 

o 

morphic  to  a  cell  (ct,  [2,3]  and  the  reference  given  there).   If 

t  -  {'G   -j^,  •••>t3°--3^  ^  "g*  ^®  denote  by  (S^^,  ^^^^>  2^)  any  pair 
represented  by  ^ .   There  exists  a  properly  discontinuous  group 

f    of  holomorphic  automorphismis  of  T   such  that  S^^  is  conformally 
g  g  L'l 

equivalent  to  S  ,  if  and  only  if^-,  and  v^,  are  equivalent  \Ander  [   • 

2,p  ±      <■-'  ti  g 

Theorem  2,   There  exist  2g  M^bius  transformations  A  .  which 

■  ■■"■    ■  ■  w  J 

depend  holomorphic  ally  on  "--^  T  ,  satisfy  the  normalization 

"  ^'  g 

conditions;   ■^2s;-l^'^^  ~  ^'  -^2g-l^°°  ^  =  co  ,  A2^(l)  =  1, 

Tf  Ao.  tA^.Ao"  tA^.  =  1,  and  venerate,  for  each  f  Ixed,-^  ,  a  auasi- 
M^  2j-l  2j  2j-l  2j     ' ' *^  '  ±   ^"^^ 

Fuchsian  groun  G  with  ICy^.   )  /G  conf or^Jially  equivalent  to  S  .,, 
&  ^ Cr  A^     v: • -C^ 

■-'    ( Y) 
Holomorphic  dependence  of  k^  ^'    on  a^  f.  T  means,  of  course,  that 

A^^'^z)  =  [a(t;)  z  +  b(-.;)]/[c(^)  z  +  d(-b-)  1,  where  a,  b,  c,  d  are 
holomorphic  functions. 

Sketch  of  proof.   We  may  assume  that  0  €.  T   corresponds  to 

g 

the  pair  (3  ,  [1],  S  ).   Let  G  be  the  Fuchsian  group  (with 

Yp  the  real  axis)    representing  the  odd  pair  (S^,  [  t-] ,  S^),  and  let 
o 


^* 


J  a|   ,  •••3   -"^o„  (  be  a  suitably  normalized  set  of  generators  of 

G  ,   ilivery  pair  (3^,  [f^],  S  )  is  equivalent  to  one  of  the  form 
(S^,  [l],o  ),   LetjHL   be  as  in  the  ;.rooi  of  Theorem  1,  and  set 
A,  '  =  J\   k    .' J\~    ,      Usin^  Theorem  1  and  the  properties  of 
_r\_   proved  in  [1],  as  well  as  the  definition  of  the  complex 
analytic  structure  of  T   (cf,  [2]),  one  verifies  that  :i\^      depend 
only  on '^  and  nob  on  ra,  and  have  the  required  properties. 

Note  that  Yp  =  S\-   ( Yp  )>  so  that  this  curve  admits  the 
representation  z  =.'^(t,'r),  -co  <  t  <  co   xjliere  <;  depends 
holomorphically  on  t,  and  cf — >  co  for  |t|  — >  oo  , 

li.  Next,  let  S  be  as  before,  and  let  S,  denote  the  s'xrface 

—  '      o  '  1, 

obtained  by  removing  some  fixed  point  from  S  •   The  equivalence 
classes  of  even  coupled  pairs  (3,[f],3^)  are  the  points  of  the 
Teichmliller  space  T   ,  which  is  again  a  complex  manifold 

homeomorphic  to  a  cell  and  representable  as  a  bounded  domain  in 

3e-2 
C-^°   •   Using  the  methods  of  the  proof  or   Theorem  2  it  is  not 

difficult  to  establish 

Theorem  3»   T  ^  is  holomorphically  equivalent  to  the  domain 

—  6*^ ■ 

^\  n^^C^S-  defined  as  follows;  (z,t)  =  (z,^;,  ,  . . .  v -«   ,)  ^  Vi     , 
if  and  only  if  ->-  ^  T  and  z  t;.  I(  Yn^  )  • 

The  results  of  [2,  S  10]  can  now  be  restated  as 
Theorem  ij..   There  exist  finitely  iiiany  meromorphic  functions, 
FAzs-^),    ,.,,    Fj^^(z,v),  in  I'l  ,  which,  for  every  fixed  ^,    generate 
the  field  of  automorphic  functions  in  I (  Yp _, )  under  the  p:roup 
G^f    i.e.  -  the  field  of  meromorphic  functions  on  S/.-. 


These  functions  luiiformize  simultaneously  all  algebraic 
fi^nction  fields  of  genus  g,  just  as  tlio  functions  ^(2,1,7^)^ 
^\z,l,2f),     |z|  <  00,  Ira  t  >  0,  uniforaiize  all  elliptic  function 
fields, 

^,   Finally  let  S  be  any  open  .Uernann  surface  without  non- 
trivial  conformal  self  mapping  homotopic   to  the  identity.   The 
Teichniiller  space  T(3  ),  i.e.  the  space  of  equivalence  classes 
of  even  pairs  (3,[f],S  )  is  a  complete  metric  space  (under  the 
Teichmiiller  distance)  but,  in  general,  infinitely  dimensional. 
Nevertheless  ue   may  define  a  continuous  complex  valued  function 
1  on  T(S  )  to  be  holomorphic  if  for  every  p-^   =    (S^,[f],S^)  £  T(S^) 
and  every  finite  sequence  (m^,  ...,  m^)  of  Beltrami's  differentials 


.r 


on  S,  ,  the  mapping  of  a  neighborhood  of  0  €  C   into  C  given  by 

holomorphic.   The  method  of  proof  of  theorem  2  yields 

Theorem  5.  If  (3  ,  [  1/ ] , 3  )  is  raoresentable  by  a  Fuchsian  group 

of;  the  first  kind,  then  there  exist  a  finite  or  infinite  sequence 

(?)■ 

^  Mb  jus  tran^jloriu^tipn  |  A^.  ].  ^  ^ependinr  holomorphically  on 

P  £  '^(^o^  ^^  such  that,  for  every  fixed  q  =  (S^,[f],3^)  6  T(S^), 

(n) 

the  K.    generate  a  quasi-Fuchsian  prouio  G  with  I(Y(--  V^'n  ^— "* 
J  1  q   q    -• 

formally  equivalent  to  3,  . 

Thus  there  are  many  holomorphic  functions  as  T(S  ),  in 
particular,  enough  functions  to  separate  points. 
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